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a b s t r a c t 

The dual interpolation boundary face method (DiBFM) proposed recently has been successfully applied to solve 

various problems in two dimensions. Compared with the conventional boundary element method (BEM), it has 

been proved that the DiBFM has the advantages of higher accuracy, convergence rate and computational ef- 

ficiency. In addition, the DiBFM is suitable to unify the conforming and nonconforming elements in the BEM 

implementation, as well as to approximate both continuous and discontinuous fields. Moreover, there are no 

geometric errors by the DiBFM in the computational process. In this paper, the DiBFM is extended successfully 

to solve the elasticity problems in three-dimensions (3D) with formulations derived in details. A number of nu- 

merical examples are presented in order to validate the accuracy and convergence rate of the proposed method. 
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. Introduction 

The dual interpolation boundary face method has been successfully
eveloped to solve various 2D problems including potential [1] , elastic-
ty [2] , thin-walled structures [3] , contact [4] , and V-shaped notch prob-
ems [5] . Recently the DiBFM was also successfully applied to solve 3D
otential problems [6] . This is due to the fact that the DiBFM can achieve
igher accuracy and convergence rates than the conventional BEM for
ost cases [1] . These advantages stem from the fact that the DiBFM is

oupled between the dual interpolation method and the boundary face
ethod. 

The dual interpolation method specifically refers to the first-layer in-
erpolation and the second-layer interpolation, while the element in the
ethod is called dual interpolation element. The dual interpolation el-

ment consists of source and virtual nodes, as shown in Fig. 1 . When
gnoring virtual nodes, it becomes a conventional discontinuous ele-
ent. If both the virtual nodes and the source nodes are considered,

hen it amounts to a standard continuous element. In this manner, the
ontinuous and discontinuous elements schemes can be unified by the
ual interpolation element [ 1 , 7 ]. Thus, the geometric corner problems
 2 , 8 , 9 ] and the mesh generation can be treated easily [ 10 , 11 ]. 

The first-layer interpolation is similar to the interpolation in a con-
entional continuous boundary element. Namely, both source nodes and
irtual nodes in the dual interpolation elements are used for interpola-
ion. By adding the virtual nodes in dual interpolation elements and
omparing to the interpolation function order of the conventional dis-
ontinuous elements which use the source nodes only [ 1 , 4 ], the inter-
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olation order of the dual interpolation elements is increased obviously.
his results in a significant improvement for interpolation accuracy. 

The second-layer interpolation is constructed by the moving least
quare (MLS) approximation and this approximation is employed to con-
ense the degrees of freedom associated with virtual nodes, which do
ot act as collocation points in DiBFM [ 1 , 2 ]. Thus, only the variables
ssociated with the source nodes form the unknowns in the final system
quations and therefore the system matrix in the DiBFM is of the same
ize as the conventional BEM with the source nodes alone. Due to a sig-
ificant improvement in interpolation accuracy, the DiBFM can achieve
igher computational accuracy. Furthermore, the second-layer interpo-
ation is of the ability to approximate both continuous and discontinuous
elds accurately. Therefore, the continuous displacement and discontin-
ous tractions at the geometric corners or edges are treated easily. 

The boundary face method (BFM) is also based on the boundary in-
egral equation without introducing geometric errors [12] , since BFM
ses CAD geometries directly in its implementation. In addition, the
FM inherits the advantages of BEM including dimension reduction,
igher accuracy and infinite domain problems without truncation or
rtificial boundary conditions [13] . These advantages are also inherited
y DiBFM. 

Due to the above advantages, DiBFM has been developed to various
D problems [1-5] . However, the 2D model is a simplification from 3D
roblem and it is difficult to truly reflect the 3D practical problem. In
rder to demonstrate the advantages in solving practical problems, the
iBFM has been applied for 3D potential problems [6] . However, small

eatures can cause significant stress concentration in 3D elasticity prob-
ber 2020 
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Fig. 1. Dual interpolation elements in 3D problems. 
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Fig. 2. Discrete model by different methods. 
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element becomes a conventional discontinuous element. If both the vir- 
ems. Thus this paper firstly extends the DiBFM to 3D elasticity problems
ith the dual interpolation element. And it verifies the DiBFM has the
bility to solve the problem of structure with a small feature. For 3D
lasticity problems, a general formulation of the DiBFM is also derived
n details. A potential advantage of the DiBFM compared with the BFM
s briefly introduced in Section 2 . Then the dual interpolation method
or 3D problem is introduced in Section 3 , and a general formulation
f the elastic problems is presented in Section 4 . Numerical examples
re presented in Section 5 . Finally, the conclusions and future work are
iven in Section 6 . 

. Dual interpolation boundary face method 

The DiBFM is coupled between the dual interpolation method and
he boundary face method. In boundary face method, the integrand
uantities, such as the coordinates of Gauss integration points, out nor-
al and Jacobian, are calculated directly from the boundary faces,

ather than from mesh elements. This is similar to the isogeometric BEM
IGABEM) in which NURBS are used to accurately represent structural
eometry [14-17] . Thus, no geometric errors are introduced after dis-
retization as shown in Fig. 2 . More details can refer to the references
 12 , 18 , 19 ]. 

Compared with the BFM, the DiBFM does not require geometric re-
air operations for the ‘dirty’ geometry model (see Fig. 3 ). The reason is
xplained as follows. Same as the BFM, the DiBFM has no continuity re-
uirement for trial functions, and thus discontinuous grids can be used
o discretize the CAD model. Due to the discontinuous grids allow to the
xistence of hanging points, discontinuous grids are more freedom for
iscretizing “dirty ” geometry without geometry repair than continuous
rids (see Fig. 4 ). However, the grids in ‘bad’ shape often appear in the
iscretization results of geometric models, especially in ‘dirty’ geometry
odels without geometric repair (slender quadrilateral grid shown in
Fig. 3. Steel frame weld

103 
ig. 4 ). Different from the BFM, the DiBFM improves the interpolation
rder of discontinuous element (see Fig. 5 ), resulting in the potential
dvantages that the DiBFM reduces the requirement of shape regular-
ty for elements. Thus the DiBFM has the potential ability to analyze a
dirty ” geometry model discretized by discontinuous grids. And this is
ur future work. 

In addition, the binary-tree subdivision method (BTSM) [20] is ap-
lied in the implementation of the DiBFM to evaluate the singular in-
egrals. Even if the shape of an element is irregular, the BTSM can also
valuate singular integrals accurately and efficiently [20] . A simple de-
cription of the BTSM is presented in Section 4 . 

. Dual interpolation method in the DiBFM 

.1. The element in DiBFM 

In DiBFM, the elements, called as dual interpolation elements, con-
ist of source and virtual nodes as shown in Figs. 6 and 7 for triangular
nd quadrilateral elements respectively. Though the dual interpolation
lements have been mentioned in [6] , it is necessary to repeat them here
o ensure the integrity of our paper. 

As shown in Figs. 6 and 7 , all nodes in a dual interpolation element
re classified into two groups: (1) all source nodes are located inside the
lement, and (2) all virtual nodes are located on the edges and vertexes
f the element. If the virtual nodes are removed, the dual interpolation
 with short edge. 
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Fig. 4. Face discretized by discontinuous grids. 

Fig. 5. Constant elements: (a) Conventional discontinuous element in BFM, (b) Dual interpolation element in DiBFM. 

Fig. 6. Dual interpolation elements for triangle: (a) TS1, (b) TS3, and (c) TS6. 

Fig. 7. Dual interpolation elements for quadrilateral: (a) QS1, (b) QS4, and (c) QS9. 
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ual nodes and the source nodes are considered, it amounts to a standard
ontinuous element. In this manner, the continuous and discontinuous
lement schemes can be unified by the dual interpolation element. 

In Fig. 6 , the elements are identified with the notation TS1, TS3 and
S6 and in Fig. 7 the elements are identified with the notation QS1,
S4 and QS9, where T denotes the triangular element, and Q denotes
104 
he quadrilateral element. The Si means that there are i source nodes
n the continuous element. This notation is based on the fact that the
egrees of freedom associated with the virtual nodes are eliminated, so
hat they do not appear in the system equations in DiBFM. 

Compared with the interpolation function order of the conventional
iscontinuous elements which use the source nodes only, the addition of
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Fig. 8. Local parametric coordinate in element: TS1 and QS1. 
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𝑢  
irtual nodes introduced in dual interpolation elements signifies that the
nterpolation order in the dual interpolation elements is increased. For
D problems, the interpolation order in the dual interpolation elements
ncreases with two orders, which results in a significant improvement in
umerical simulation [1] . It is expected that this feature can be extended
o 3D problems. 

.2. The first-layer interpolation 

The first-layer interpolation is similar to the interpolation in a con-
entional continuous boundary element, i.e. both source nodes and vir-
ual nodes are taken into account in a dual interpolation element. Thus,
or an arbitrary quantity 𝜙, the interpolation form is: 

 ( 𝜉, 𝜂) = 

𝑛 𝑠 ∑
𝛼=1 

𝑁 

𝑠 
𝛼
( 𝜉, 𝜂) 𝜑 ( 𝑄 

𝑠 
𝛼
) + 

𝑛 𝑣 ∑
𝛽=1 

𝑁 

𝑣 
𝛽
( 𝜉, 𝜂) 𝜑 ( 𝑄 

𝑣 
𝛽
) (1)

here 𝑁 

𝑠 
𝛼
( 𝜉, 𝜂) and 𝑁 

𝑣 
𝛽
( 𝜉, 𝜂) denote the shape functions of the source node

and virtual node 𝛽, 𝜑 ( 𝑄 

𝑠 
𝛼
) and 𝜑 ( 𝑄 

𝑣 
𝛽
) are the nodal values, n s and n v

enote the numbers of source nodes and virtual nodes in total in the
ual interpolation element, respectively. Normalized coordinate 𝜉, 𝜂 ∈
 − 1, 1]. In DiBFM, the virtual nodal value 𝜑 ( 𝑄 

𝑣 
𝛽
) depends on the nodal

alues of the source nodes which are to be determined by the second-
ayer interpolation. 

It is noted that the shape functions 𝑁 

𝑠 
𝛼
( 𝜉, 𝜂) and 𝑁 

𝑣 
𝛽
( 𝜉, 𝜂) in Eq. (1) are

he Lagrange polynomials used in a conventional element with a number
f nodes ( n s + n v ). The derivation of the shape functions of the above el-
ments can be referred to the work [21] . Here, only the shape functions
or element TS1 and QS1 shown in Fig. 8 are given as 
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𝑠 
1 ( 𝜉, 𝜂
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𝑁 1 = 𝑁 

𝑣 
1 ( 𝜉, 𝜂) = 0 . 25 𝜉𝜂( 𝜉 − 1 ) ( 𝜂 − 1 ) 𝑁 5 = 𝑁 

𝑣 
5 ( 𝜉, 𝜂) = 0 . 5 𝜂

(
1 − 𝜉2 

)
( 𝜂 − 1 ) 

𝑁 2 = 𝑁 

𝑣 
2 ( 𝜉, 𝜂) = 0 . 25 𝜉𝜂( 𝜉 + 1 ) ( 𝜂 − 1 ) 𝑁 6 = 𝑁 

𝑣 
6 ( 𝜉, 𝜂) = 0 . 5 𝜉( 𝜉 + 1 ) 

(
1 − 𝜂2 

)
𝑁 3 = 𝑁 

𝑣 
3 ( 𝜉, 𝜂) = 0 . 25 𝜉𝜂( 𝜉 + 1 ) ( 𝜂 + 1 ) 𝑁 7 = 𝑁 

𝑣 
7 ( 𝜉, 𝜂) = 0 . 5 𝜂

(
1 − 𝜉2 

)
( 𝜂 + 1 ) 

𝑁 4 = 𝑁 

𝑣 
4 ( 𝜉, 𝜂) = 0 . 25 𝜉𝜂( 𝜉 − 1 ) ( 𝜂 + 1 ) 𝑁 8 = 𝑁 

𝑣 
8 ( 𝜉, 𝜂) = 0 . 5 𝜉( 𝜉 − 1 ) 

(
1 − 𝜂2 

)
𝑁 9 = 𝑁 

𝑠 
1 ( 𝜉, 𝜂) = 

(
1 − 𝜉2 

)(
1 − 𝜂2 

)
(3) 

espectively. 

.3. The second-layer interpolation 

Same as in 2D problems [ 1 , 2 ], the second-layer interpolation is just
tilized to construct the relationships between source and virtual nodes,
ather than evaluating the shape function of each Gauss point in the
oundary integration. These relationships are employed to condense
he degrees of freedom associated with virtual nodes. In this paper, the
105 
 5 𝜂( 1 − 𝜉 − 𝜂) ( 3 𝜂 − 1 ) 
 5 𝜂( 1 − 𝜉 − 𝜂) ( 2 − 3 𝜉 − 3 𝜂) 
 5 𝜉( 1 − 𝜉 − 𝜂) ( 2 − 3 𝜉 − 3 𝜂) 
 5 𝜉( 1 − 𝜉 − 𝜂) ( 3 𝜉 − 1 ) 
7 𝜉𝜂( 1 − 𝜉 − 𝜂) 

(2) 

econd-layer interpolation is constructed by the moving least square
MLS) method which is suitable to approximate both continuous and
iscontinuous fields particularly to treat the problems with sharp edges
nd corners. 

.3.1. The moving least square approximation 

The approximation with MLS approximation is applied to construct
he second-layer interpolation. And it is independently performed on
ach boundary surface. The virtual nodal value is approximated by: 

 ( 𝑄 

𝑣 
𝛽
) = 

𝑀 ∑
𝑚 =1 

𝜓 

𝑣𝑠 
𝑚 
( 𝑢 𝑣 

𝛽
, 𝑣 𝑣 

𝛽
) 𝜑 ( 𝑄 

𝑠 
𝑚 
) (4)

here M denotes the number of source nodes 𝑄 

𝑠 
𝑚 

covered in the influ-
nce domain of virtual node 𝑄 

𝑣 
𝛽
, 𝜓 

𝑣𝑠 
𝑚 
( 𝑢 𝑣 

𝛽
, 𝑣 𝑣 

𝛽
) denotes the shape function of

he second-layer interpolation corresponding to source node 𝑄 

𝑠 
𝑚 

, 𝑢 𝑣 
𝛽
and

 

𝑣 
𝛽
are the parametric coordinate of the virtual node 𝑄 

𝑣 
𝛽
. The paramet-

ic coordinate is employed to locate a point on a boundary surface. For
he shape functions of MLS approximation corresponding to all source
odes, which can be expressed as 

 = { 𝜓 

𝑣𝑠 
1 , 𝜓 

𝑣𝑠 
2 , … , 𝜓 

𝑣𝑠 
𝑗 

, … , 𝜓 

𝑣𝑠 
𝑀 

} = 𝒑 𝑇 ( 𝑢, 𝑣 ) 𝑨 

−1 ( 𝑢, 𝑣 ) 𝑩 ( 𝑢, 𝑣 ) (5)

ith matrices p T ( u,v ), A ( u,v ) and B ( u,v ) defined by 

 

𝑇 = 

[
1 , 𝑢, 𝑣, 𝑢 2 , 𝑢𝑣, 𝑣 2 

]
 ( 𝑢, 𝑣 ) = 

𝑀 ∑
𝑚 =1 

𝑤 𝑚 𝒑 
(
𝑢 𝑚 , 𝑣 𝑚 

)
𝒑 𝑇 
(
𝑢 𝑚 , 𝑣 𝑚 

)
 ( 𝑢, 𝑣 ) = 

[
𝑤 1 𝒑 
(
𝑢 1 , 𝑣 1 
)
, 𝑤 2 𝒑 
(
𝑢 2 , 𝑣 2 
)
, …𝑤 𝑀 

𝒑 
(
𝑢 𝑀 

, 𝑣 𝑀 

)]
here w m 

is the weight function corresponding to a node( u m 

,v m 

). The
 

𝑣𝑠 
𝑚 
( 𝑢 𝑣 

𝛽
, 𝑣 𝑣 

𝛽
) is usually called the shape function of the MLS approximation

orresponding to the source node 𝑄 

𝑠 
𝑚 
( 𝑢 𝑚 , 𝑣 𝑚 ) . More details of the MLS

pproximation are available in [22] . 
The influence domain of virtual node in this paper is the neighboring

hree-layer elements around the virtual node. Since the MLS approxima-
ion is independently performed on each boundary surface, the three-
ayer elements are only searched on the boundary surface where the
irtual point is located, and not on other boundary surfaces. 

.3.2. Approximation of continuous and discontinuous fields 

To illustrate the dual interpolation method can approximate contin-
ous and discontinuous fields, the cube discretized by the dual interpo-

ation elements will be used as an example (see Fig. 9 ). 
As shown in Fig. 9 , one virtual node is placed at a point where adja-

ent elements are smoothly connected, so that the four elements share
he same virtual node. However, more than one virtual nodes are placed
t geometric corner, geometric edge or point where the boundary con-
itions are not continuous, and the elements on same boundary surface
hare one virtual node. 

For a point on smooth boundary, only a single virtual node is placed
see the point p in Fig. 9 ). The source points covered by the influence
omain of the virtual node v 0 , are shown in Fig. 10 (a). For 3D elastic-
ty problems, the independent physical variables on the boundary are
isplacements u i and tractions t i ( i = 1, 2, 3). Based on the MLS approxi-
ation in Eq. (4) , the second-layer interpolations of these two variables

re expressed as: 

 𝑖 ( 𝑄 

𝑣 
𝑣 0 
) = 

𝑀 ∑
𝑚 =1 

𝜓 

𝑣𝑠 
𝑚 
( 𝑢 𝑣 

𝑣 0 
, 𝑣 𝑣 

𝑣 0 
) 𝑢 𝑖 ( 𝑄 

𝑠 
𝑚 
) (6)
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Fig. 9. Approximation of continuous and discontinuous fields. 
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Γ  
 𝑖 ( 𝑄 

𝑣 
𝑣 0 
) = 

𝑀 ∑
𝑚 =1 

𝜓 

𝑣𝑠 
𝑚 
( 𝑢 𝑣 

𝑣 0 
, 𝑣 𝑣 

𝑣 0 
) 𝑡 𝑖 ( 𝑄 

𝑠 
𝑚 
) (7)

here the number (M) of source points, which is covered by influence
omain of the virtual node v , is nine(see Fig. 10 (a)). 
0 

Fig. 10. Influence domain of the virtual nodes: (a) virtu

106 
For a corner point, more than one virtual nodes are placed. The two
irtual nodes, v 0 and v 1 , are collocated at the point q (see Fig. 9 ). Since
hese two virtual nodes are on different boundary surfaces, the influence
omains of these two virtual nodes are naturally different (see Fig. 10 (b)
nd (c)). To model the discontinuous traction field at the virtual node
 1 and v 2 , the tractions 𝑡 𝑖 ( 𝑄 

𝑣 
𝑣 1 
) and 𝑡 𝑖 ( 𝑄 

𝑣 
𝑣 2 
) ( i = 1, 2, 3) are still calculated

y Eq. (7) . To ensure that the displacement field at the virtual node v 1 
nd v 2 is continuous, the displacement 𝑢 𝑖 ( 𝑄 

𝑣 
𝑣 1 
) and 𝑢 𝑖 ( 𝑄 

𝑣 
𝑣 2 
) are calculated

y: 

 𝑖 ( 𝑄 

𝑣 
𝑣 𝑘 
) = 

1 
𝐾 

𝐾 ∑
𝑘 =1 

𝑀 ∑
𝑚 =1 

𝜓 

𝑣𝑠 
𝑚 
( 𝑢 𝑣 

𝑣 𝑘 
, 𝑣 𝑣 

𝑣 𝑘 
) 𝑢 𝑖 ( 𝑄 

𝑠 
𝑚 
) (8)

here K denotes the number of the virtual nodes at the corner point. At
he corner point q, K = 2. 

From Eqs. (6 )–(8) , the dual interpolation method has the ability to
pproximate the continuous and discontinuous fields via manipulating
he influence domain of virtual nodes in the second-layer interpolation.
he second-layer interpolation is further described in the flow diagram
hown in Fig. 11 . 

. DiBFM for elasticity problem 

.1. Boundary integral equation for 3D elasticity 

Consider an elasticity body occupying domain Ω⊂R 

3 with boundary
. The boundary integral equation (BIE) [23] of elasticity without body
al node v 0 , (b) virtual node v 1 , (c) virtual node v 2 . 
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Fig. 11. Flow diagram of the second-layer interpolation. 
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orce can be written as: 

 𝑖𝑗 ( 𝑃 ) 𝑢 𝑗 ( 𝑃 ) = ∫Γ
𝑈 𝑖𝑗 ( 𝑃 , 𝑄 ) 𝑡 𝑗 ( 𝑄 ) 𝑑Γ( 𝑄 ) − ∫Γ

𝑇 𝑖𝑗 ( 𝑃 , 𝑄 ) 𝑢 𝑗 ( 𝑄 ) 𝑑Γ( 𝑄 ) , 𝑃 , 𝑄 ∈ Γ

(9) 

here u j is displacement, t j is traction, i,j = (1, 2, 3) and c ij ( P ) is coef-
cient which depends on the boundary configuration. The U ij ( P,Q ) and
 ij ( P,Q ) are fundamental solutions of displacement and traction as fol-
ow: 

 𝑖𝑗 ( 𝑃 , 𝑄 ) = 

1 
16 𝜋𝐺(1 − 𝜈) 𝑟 

[
(3 − 4 𝜈) 𝛿𝑖𝑗 + 𝑟 ,𝑖 𝑟 ,𝑗 

]
(10)

 𝑖𝑗 ( 𝑃 , 𝑄 ) = 

1 
8 𝜋(1 − 𝜈) 𝑟 2 

{ 
𝜕𝑟 

𝜕𝑛 

[
(1 − 2 𝜈) 𝛿𝑖𝑗 + 3 𝑟 ,𝑖 𝑟 ,𝑗 

]
+ (1 − 2 𝜈)( 𝑛 𝑗 𝑟 ,𝑖 − 𝑛 𝑖 𝑟 ,𝑗 ) 

} 
(11)

here r denotes the distance between the source node P and the field
oint Q , and n ( n 1 , n 2 , n 3 ) is the unit outward normal at the point Q,v

enotes the Poisson’s ratio and G is the shear modulus. 

.2. Discretization of the BIE for 3D elasticity 

In the DiBFM, the BIE is discretized by dual interpolation elements,
nd only the source nodes P k ( k = 1,2,…,NS) are collocated. The NS is
he total number of source nodes in all elements. After discretizing, the
IE in Eq. (9) yields: 

𝑛𝑒 

𝑒 =1 

[ 
𝑛 𝑠 ∑
𝛼=1 

ℎ 𝑠𝑠 
𝑖𝑗 
( 𝑃 𝑘 ) 𝑢 𝑗 ( 𝑄 

𝑠 
𝑒 ( 𝑎 ) ) + 

𝑛 𝑣 ∑
𝛽=1 

ℎ 𝑠𝑣 
𝑖𝑗 
( 𝑃 𝑘 ) 𝑢 𝑗 ( 𝑄 

𝑣 
𝑒 ( 𝛽) ) 

] 

= 

𝑛𝑒 ∑
𝑒 =1 

[ 
𝑛 𝑠 ∑
𝛼=1 

𝑔 𝑠𝑠 
𝑖𝑗 
( 𝑃 𝑘 ) 𝑡 𝑗 ( 𝑄 

𝑠 
𝑒 ( 𝑎 ) ) + 

𝑛 𝑣 ∑
𝛽=1 

𝑔 𝑠𝑣 
𝑖𝑗 
( 𝑃 𝑘 ) 𝑡 𝑗 ( 𝑄 

𝑣 
𝑒 ( 𝛽) ) 

] 
(12) 
107 
n which 

 

𝑠𝑠 
𝑖𝑗 
( 𝑃 𝑘 ) = ∫Γ𝑒 

𝑇 𝑖𝑗 ( 𝑃 𝑘 , 𝑄 ) 𝑁 

𝑠 
𝑒 ( 𝛼) ( 𝑄 ) 𝑑Γ( 𝑄 ) + 

1 
2 
𝛿𝑖𝑗 𝛿

𝑘 
𝑒 ( 𝛼) 

 

𝑠𝑣 
𝑖𝑗 
( 𝑃 𝑘 ) = ∫Γ𝑒 

𝑇 𝑖𝑗 ( 𝑃 𝑘 , 𝑄 ) 𝑁 

𝑣 
𝑒 ( 𝛽) ( 𝑄 ) 𝑑Γ( 𝑄 ) 

 

𝑠𝑠 
𝑖𝑗 
( 𝑃 𝑘 ) = ∫Γ𝑒 

𝑈 𝑖𝑗 ( 𝑃 𝑘 , 𝑄 ) 𝑁 

𝑠 
𝑒 ( 𝛼) ( 𝑄 ) 𝑑Γ( 𝑄 ) 

 

𝑠𝑣 
𝑖𝑗 
( 𝑃 𝑘 ) = ∫Γ𝑒 

𝑈 𝑖𝑗 ( 𝑃 𝑘 , 𝑄 ) 𝑁 

𝑣 
𝑒 ( 𝛽) ( 𝑄 ) 𝑑Γ( 𝑄 ) 

nd 

𝑘 
𝑒 ( 𝛼) = 

{ 

1 , ifsourcenode 𝑃 𝑘 isthe 𝛼t hsourcenodeint he 𝑒 thelement 
0 , 

here Γe denotes the boundary of the e th element, 𝑁 

𝑠 
𝑒 ( 𝛼) , 𝑡 𝑗 ( 𝑄 

𝑠 
𝑒 ( 𝑎 ) ) and

 𝑗 ( 𝑄 

𝑠 
𝑒 ( 𝑎 ) ) indicate the shape function, nodal values of the traction and dis-

lacement of the 𝛼th source node in the e th element. 𝑁 

𝑣 
𝑒 ( 𝛽) , 𝑡 𝑗 ( 𝑄 

𝑣 
𝑒 ( 𝛽) ) and

 𝑗 ( 𝑄 

𝑣 
𝑒 ( 𝛽) ) are the shape function, nodal values of the traction and displace-

ent of the 𝛽th virtual node in the e th element. The definitions of n s and
 v are given in Section 3.2 . Eq. (12) can be arranged in a matrix form
s: 

3 

𝑗=1 

⎛ ⎜ ⎜ ⎜ ⎝ 
⎡ ⎢ ⎢ ⎢ ⎣ 
𝐇 

𝑠𝑠 
1 𝑗 

𝐇 

𝑠𝑠 
2 𝑗 

𝐇 

𝑠𝑠 
3 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ 
{ 
𝐮 𝑠 
𝑗 

} 
+ 

⎡ ⎢ ⎢ ⎢ ⎣ 
𝐇 

𝑠𝑣 
1 𝑗 

𝐇 

𝑠𝑣 
2 𝑗 

𝐇 

𝑠𝑣 
3 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ 
{ 
𝐮 𝑣 
𝑗 

} ⎞ ⎟ ⎟ ⎟ ⎠ = 

3 ∑
𝑗=1 

⎛ ⎜ ⎜ ⎜ ⎝ 
⎡ ⎢ ⎢ ⎢ ⎣ 
𝐆 

𝑠𝑠 
1 𝑗 

𝐆 

𝑠𝑠 
2 𝑗 

𝐆 

𝑠𝑠 
3 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ 
{ 
𝐭 𝑠 
𝑗 

} 
+ 

⎡ ⎢ ⎢ ⎢ ⎣ 
𝐆 

𝑠𝑣 
1 𝑗 

𝐆 

𝑠𝑣 
2 𝑗 

𝐆 

𝑠𝑣 
3 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ 
{ 
𝐭 𝑣 
𝑗 

} ⎞ ⎟ ⎟ ⎟ ⎠ (13) 
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Fig. 12. The irregular elements subdivision results of the BTSM. 

Fig. 13. The analytical field problem on a cube. 

Table 1 

Numerical evaluation of weakly singular integral for irregular elements. 

Element type Gaussian points number Relative error 

CSM BTSM CSM BTSM 

Obtuse triangle element ( Fig. 12 (a)) 115 115 5.2171e-002 1.1403e-003 

151 151 2.4437e-002 1.7927e-004 

280 280 3.1383e-003 1.1393e-005 

450 450 1.4306e-003 6.5192e-007 

Slender quadrilateral element ( Fig. 12 (b)) 122 122 3.7711e-002 1.7351e-003 

199 199 2.3095e-002 2.1645e-005 

347 347 1.2658e-002 3.5789e-006 

527 527 5.4994e-003 9.7340e-007 

w  

s  

t  

i  

c

∑

w  

N  

o  

n
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(  

e  

o  

a  

i{
 {
 

here 𝐮 𝑠 
𝑗 
and 𝐭 𝑠 

𝑗 
denote the vectors of displacement and traction for all

ource nodes, 𝐮 𝑣 
𝑗 
and 𝐭 𝑣 

𝑗 
are displacement and traction vectors for all vir-

ual nodes. 𝐇 

𝑠𝑠 
𝑖𝑗 

, 𝐆 

𝑠𝑠 
𝑖𝑗 

, 𝐇 

𝑠𝑣 
𝑖𝑗 

and 𝐆 

𝑠𝑣 
𝑖𝑗 

are the coefficient matrices correspond-
ng to vectors 𝐮 𝑠 

𝑗 
, 𝐭 𝑠 

𝑗 
, 𝐮 𝑣 

𝑗 
and 𝐭 𝑣 

𝑗 
, respectively. Considering the boundary

onditions, we can rewrite Eq. (13) as: 

3 

𝑗=1 

⎛ ⎜ ⎜ ⎜ ⎝ 
⎡ ⎢ ⎢ ⎢ ⎣ 
𝐇 

𝑠𝑠 
1 𝑑 𝑗 

𝐇 

𝑠𝑠 
1 𝑛 𝑗 

𝐇 

𝑠𝑠 
2 𝑑 𝑗 

𝐇 

𝑠𝑠 
2 𝑛 𝑗 

𝐇 

𝑠𝑠 
3 𝑑 𝑗 

𝐇 

𝑠𝑠 
3 𝑛 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ 
{ 

𝐮̄ 𝑠 
𝑑 𝑗 

𝐮 𝑠 
𝑛 𝑗 

} 

+ 

⎡ ⎢ ⎢ ⎢ ⎣ 
𝐇 

𝑠𝑣 
1 𝑑 𝑗 

𝐇 

𝑠𝑣 
1 𝑛 𝑗 

𝐇 

𝑠𝑣 
2 𝑑 𝑗 

𝐇 

𝑠𝑣 
2 𝑛 𝑗 

𝐇 

𝑠𝑣 
3 𝑑 𝑗 

𝐇 

𝑠𝑣 
3 𝑛 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ 
{ 

𝐮̄ 𝑣 
𝑑 𝑗 

𝐮 𝑣 
𝑛 𝑗 

} ⎞ ⎟ ⎟ ⎟ ⎠ 
= 

3 ∑
𝑗=1 

⎛ ⎜ ⎜ ⎜ ⎝ 
⎡ ⎢ ⎢ ⎢ ⎣ 
𝐆 

𝑠𝑠 
1 𝑑 𝑗 

𝐆 

𝑠𝑠 
1 𝑛 𝑗 

𝐆 

𝑠𝑠 
2 𝑑 𝑗 

𝐆 

𝑠𝑠 
2 𝑛 𝑗 

𝐆 

𝑠𝑠 
3 𝑑 𝑗 

𝐆 

𝑠𝑠 
3 𝑛 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ 
{ 

𝐭 𝑠 
𝑑 𝑗 

𝐭 𝑠 
𝑛 𝑗 

} 

+ 

⎡ ⎢ ⎢ ⎢ ⎣ 
𝐆 

𝑠𝑣 
1 𝑑 𝑗 

𝐆 

𝑠𝑣 
1 𝑛 𝑗 

𝐆 

𝑠𝑣 
2 𝑑 𝑗 

𝐆 

𝑠𝑣 
2 𝑛 𝑗 

𝐆 

𝑠𝑣 
3 𝑑 𝑗 

𝐆 

𝑠𝑣 
3 𝑛 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ 
{ 

𝐭 𝑣 
𝑑 𝑗 

𝐭 𝑣 
𝑛 𝑗 

} ⎞ ⎟ ⎟ ⎟ ⎠ (14) 

here the subscripts d j and n j indicate the Dirichlet (displacement) and
eumann (traction) boundary conditions, 𝐮̄ 𝑠 

𝑑 𝑗 
, ̄𝐮 𝑣 

𝑑 𝑗 
, ̄𝐭 𝑠 

𝑛 𝑗 
and 𝐭 𝑣 

𝑛 𝑗 
are vectors
108 
f the displacement and the traction of the source node and the virtual
ode specified in the direction j , respectively. 

.3. Reduction of the degrees of freedom 

As presented in the Section 3.1 , the source points P in BIEs in Eq.
9) are collocated at source nodes. Thus, the number of linear algebraic
quations is less than unknown number of the nodal value in Eq. (14) . In
rder to make the equations be solvable, additional constraint equations
re needed. The additional constraints are provided by the second-layer
nterpolation as: 

 

𝐮 𝑣 
𝑛 𝑗 

} 
= 𝚿𝑣𝑠 

𝑛 𝑗 𝑛 𝑗 

{ 
𝐮 𝑠 
𝑛 𝑗 

} 
, 𝑗 = ( 1 , 2 , 3 ) (15)

 

𝐭 𝑣 
𝑑 𝑗 

} 
= 𝚯𝑣𝑠 

𝑑 𝑗 𝑑 𝑗 

{ 
𝐭 𝑠 
𝑑 𝑗 

} 
, 𝑗 = ( 1 , 2 , 3 ) (16)
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Fig. 14. Comparison of convergence behavior between the BFM and the DiBFM. 

Fig. 15. Comparison of accuracy for Von Misses stress along the line AB. 

Fig. 16. Comparison of computational efficiency between the BFM and the 

DiBFM. 
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here 𝚿𝑣𝑠 
𝑛 𝑗 𝑛 𝑗 

and 𝚯𝑣𝑠 
𝑑 𝑗 𝑑 𝑗 

denote the second-layer interpolation shape func-

ion matrices of the displacement and traction, respectively (see
ection 3 ). 

Substituting Eqs. (15) and (16) into Eq. (14) results 

3 

𝑗=1 

⎛ ⎜ ⎜ ⎜ ⎝ 
⎡ ⎢ ⎢ ⎢ ⎣ 
𝐇 

𝑠𝑠 
1 𝑑 𝑗 

𝐇̄ 

𝑠𝑠 
1 𝑛 𝑗 

𝐇 

𝑠𝑠 
2 𝑑 𝑗 

𝐇̄ 

𝑠𝑠 
2 𝑛 𝑗 

𝐇 

𝑠𝑠 
3 𝑑 𝑗 

𝐇̄ 

𝑠𝑠 
3 𝑛 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ 
{ 

𝐮̄ 𝑠 
𝑑 𝑗 

𝐮 𝑠 
𝑛 𝑗 

} 

+ 

⎡ ⎢ ⎢ ⎢ ⎣ 
𝐇 

𝑠𝑣 
1 𝑑 1 

𝐇 

𝑠𝑣 
2 𝑑 1 

𝐇 

𝑠𝑣 
3 𝑑 1 

⎤ ⎥ ⎥ ⎥ ⎦ 
{ 
𝐮̄ 𝑣 
𝑑 𝑗 

} ⎞ ⎟ ⎟ ⎟ ⎠ 
= 

3 ∑
𝑗=1 

⎛ ⎜ ⎜ ⎜ ⎝ 
⎡ ⎢ ⎢ ⎢ ⎣ 
𝐆̄ 

𝑠𝑠 
1 𝑑 𝑗 

𝐆 

𝑠𝑠 
1 𝑛 𝑗 

𝐆̄ 

𝑠𝑠 
2 𝑑 𝑗 

𝐆 

𝑠𝑠 
2 𝑛 𝑗 

𝐆̄ 

𝑠𝑠 
3 𝑑 𝑗 

𝐆 

𝑠𝑠 
3 𝑛 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ 
{ 

𝐭 𝑠 
𝑑 𝑗 

𝐭 𝑠 
𝑛 𝑗 

} 

+ 

⎡ ⎢ ⎢ ⎢ ⎣ 
𝐆 

𝑠𝑣 
1 𝑛 1 

𝐆 

𝑠𝑣 
2 𝑛 1 

𝐆 

𝑠𝑣 
3 𝑛 1 

⎤ ⎥ ⎥ ⎥ ⎦ 
{ 
𝐭 𝑣 
𝑛 𝑗 

} ⎞ ⎟ ⎟ ⎟ ⎠ (17) 

n which 

 

 

 

 

 

𝐇̄ 

𝑠𝑠 
1 𝑛 𝑗 

𝐇̄ 

𝑠𝑠 
2 𝑛 𝑗 

𝐇̄ 

𝑠𝑠 
3 𝑛 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ = 

⎡ ⎢ ⎢ ⎢ ⎣ 
𝐇 

𝑠𝑠 
1 𝑛 𝑗 

𝐇 

𝑠𝑠 
2 𝑛 𝑗 

𝐇 

𝑠𝑠 
3 𝑛 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ + 

⎡ ⎢ ⎢ ⎢ ⎣ 
𝐇 

𝑠𝑣 
1 𝑛 𝑗 

𝐇 

𝑠𝑣 
2 𝑛 𝑗 

𝐇 

𝑠𝑣 
3 𝑛 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ 𝚿
𝑐𝑠 
𝑛 𝑗 𝑛 𝑗 

 

 

 

 

 

𝐆̄ 

𝑠𝑠 
1 𝑑 𝑗 

𝐆̄ 

𝑠𝑠 
2 𝑑 𝑗 

𝐆̄ 

𝑠𝑠 
3 𝑑 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ = 

⎡ ⎢ ⎢ ⎢ ⎣ 
𝐆 

𝑠𝑠 
1 𝑑 𝑗 

𝐆 

𝑠𝑠 
2 𝑑 𝑗 

𝐆 

𝑠𝑠 
3 𝑑 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ + 

⎡ ⎢ ⎢ ⎢ ⎣ 
𝐆 

𝑠𝑣 
1 𝑑 𝑗 

𝐆 

𝑠𝑣 
2 𝑑 𝑗 

𝐆 

𝑠𝑣 
3 𝑑 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ 𝚯
𝑐𝑠 
𝑑 𝑗 𝑑 𝑗 

.4. Numerical solution for 3D elasticity 

Imposing the boundary conditions at each source and virtual node
nd exchanging the columns of matrices in Eq. (17) , the final system
quations can be rewritten as: 

𝐱 = 𝐛 (18) 

n which 

 = 

⎡ ⎢ ⎢ ⎢ ⎣ 
− ̄𝐆 

𝑠𝑠 
1 𝑑 1 

𝐇̄ 

𝑠𝑠 
1 𝑛 1 

− ̄𝐆 

𝑠𝑠 
1 𝑑 2 

𝐇̄ 

𝑠𝑠 
1 𝑛 2 

− ̄𝐆 

𝑠𝑠 
1 𝑑 3 

𝐇̄ 

𝑠𝑠 
1 𝑛 3 

− ̄𝐆 

𝑠𝑠 
2 𝑑 1 

𝐇̄ 

𝑠𝑠 
2 𝑛 1 

− ̄𝐆 

𝑠𝑠 
2 𝑑 2 

𝐇̄ 

𝑠𝑠 
2 𝑛 2 

− ̄𝐆 

𝑠𝑠 
2 𝑑 3 

𝐇̄ 

𝑠𝑠 
2 𝑛 3 

− ̄𝐆 

𝑠𝑠 
3 𝑑 1 

𝐇̄ 

𝑠𝑠 
3 𝑛 1 

− ̄𝐆 

𝑠𝑠 
3 𝑑 2 

𝐇̄ 

𝑠𝑠 
3 𝑛 2 

− ̄𝐆 

𝑠𝑠 
3 𝑑 3 

𝐇̄ 

𝑠𝑠 
3 𝑛 3 

⎤ ⎥ ⎥ ⎥ ⎦ 
 = 

{ 
𝐭 𝑠 
𝑑 1 

𝐮 𝑠 
𝑛 1 

𝐭 𝑠 
𝑑 2 

𝐮 𝑠 
𝑛 2 

𝐭 𝑠 
𝑑 3 

𝐮 𝑠 
𝑛 3 

} T 

 = 

3 ∑
𝑗=1 

⎛ ⎜ ⎜ ⎜ ⎝ 
⎡ ⎢ ⎢ ⎢ ⎣ 
− 𝐇 

𝑠𝑠 
1 𝑑 𝑗 

𝐆 

𝑠𝑠 
1 𝑛 𝑗 

− 𝐇 

𝑠𝑠 
2 𝑑 𝑗 

𝐆 

𝑠𝑠 
2 𝑛 𝑗 

− 𝐇 

𝑠𝑠 
3 𝑑 𝑗 

𝐆 

𝑠𝑠 
3 𝑛 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ 
{ 

𝐮̄ 𝑠 
𝑑 𝑗 

𝐭 𝑠 
𝑛 𝑗 

} 

+ 

⎡ ⎢ ⎢ ⎢ ⎣ 
− 𝐇 

𝑠𝑣 
1 𝑑 𝑗 

𝐆 

𝑠𝑣 
1 𝑛 𝑗 

− 𝐇 

𝑠𝑣 
2 𝑑 𝑗 

𝐆 

𝑠𝑣 
2 𝑛 𝑗 

− 𝐇 

𝑠𝑣 
3 𝑑 𝑗 

𝐆 

𝑠𝑣 
3 𝑛 𝑗 

⎤ ⎥ ⎥ ⎥ ⎦ 
{ 

𝐮̄ 𝑣 
𝑑 𝑗 

𝐭 𝑣 
𝑛 𝑗 

} ⎞ ⎟ ⎟ ⎟ ⎠ 
For 3D elasticity problems, the size of matrix A is 3NS, x is unknown

t the source node, and b is known with boundary conditions. 
In this paper, the Gaussian elimination method [24] is used to ob-

ain solutions in Eq. (18) . By using the second-layer interpolation in
qs. (15) and (16) , all nodal values at virtual nodes can be determined.

Due to the unknown vector of the final system equations involving
he source node only, the size of the final system equations in the DiBFM
s the same as that in the conventional BEM using source nodes alone
eeing from Eq. (18) . As a result, the efficiency in DiBFM remains un-
hanged. 

.5. The binary-tree subdivision method for evaluation of singular integrals 

In order to evaluate the singular integrals in Eq. (12) , the binary-tree
ubdivision method (BTSM) [20] is employed. Even if the shape of an
lement is very irregular, the BTSM can evaluate singular integrals accu-
ately for cases of arbitrary location of the source point. This is because
he resulting subdivision sub-elements distribution is dense close to the
ource point and sparse far from the source point, while the source point
s isolated with a circular cavity that is subdivided using regular triangu-
ar elements converging on the source point. In the BTSM, an element is
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Fig. 17. The analytical field problem on a trimmed sphere. 
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plit into two sub-elements at each step, and continues the splitting pro-
ess recursively until meeting a given terminating criterion. Fig. 12 and
able 1 show two examples of irregular elements. Exploiting BTSM can
uarantee that the computational error comes from integration will be
estricted to a very low level, and hence, significantly improve the sta-
ility for elasticity computation. For more details, please refer to [20] .
here the CSM denotes the Conventional Subdivision Method whose

ub-elements are obtained by simply connecting the source point with
ach vertex of the element. 

. Numerical examples 

In this section, four examples are presented. The first two examples
re used to demonstrate the accuracy and efficiency of the DiBFM for
olving 3D elastic problems. The other two examples demonstrate fur-
her the high accuracy of the proposed method for realistic engineering
roblems. All computations were executed on a desktop computer with
n Intel R ○ Core TM i7–3770 K, 3.5 GHz processor and 32 GB of RAM. 
110 
The accuracy and efficiency of the DiBFM are demonstrated by com-
arison with the BFM. The DiBFM_QS1 denotes the DiBFM with the el-
ments QS1, and the DiBFM_TS1 denotes the DiBFM with the elements
S1. It should be noted that there is only one source node in QS1 (see
ig. 3 (a)) and TS1 (see Fig. 4 (a)). The BFM with constant quadrilateral
lements is denoted by BFM_QS1, and the BFM with constant triangular
lements is denoted by BFM_TS1. The CPU time spent in constructing
nd solving the system equations is measured to compare the efficiency
f the DiBFM and the BFM. The Von Misses stress is observed to study
he accuracy and convergence. The relative error is defined 

𝑟𝑟𝑜𝑟 = 

1 |𝜈|max 

√ √ √ √ 

1 
𝑀 

𝑀 ∑
𝑖 =1 

[
𝜈
( 𝑒 ) 
𝑖 

− 𝜈
( 𝑛 ) 
𝑖 

]2 
(19)

here | v | max is the maximum Von Misses stress over M sampling points,
he superscripts ( e ) and ( n ) refer to the exact and numerical solutions,
espectively. 
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Fig. 18. Model discretized by grids. 

Fig. 19. Relative errors of Von Misses stress. 
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Fig. 20. Von Misses stress along the curve AB. 

Table 2 

Numerical results obtained by the BFM_TS1 and DiBFM_TS1. 

NS BFM_TS1 DiBFM_TS1 

Error Time ( s ) Error Time ( s ) 

84 8.85E-02 3 1.29E-02 4 

132 7.11E-02 3 5.00E-03 6 

606 5.34E-02 7 9.20E-04 25 

1284 3.88E-02 28 3.57E-04 97 

2430 3.00E-02 97 1.09E-04 340 

i  

p  

e  

s  

a  

s  

t  
.1. A displacement field problem on a cube 

The first example is a n analytical displacement field problem on a
ube as shown in Fig. 13 (a). The Young’s modulus E = 1 and Poisson’s
atio v = 0.25. The analytical displacement field imposed on all faces is:

 

 

 

 

 

𝑢 𝑥 = 

(
𝑦 3 − 𝑧 3 

)
− 3 ( 𝑦 − 𝑧 ) 𝑥 2 

𝑢 𝑦 = 

(
𝑧 3 − 𝑥 3 

)
− 3 ( 𝑧 − 𝑥 ) 𝑦 2 

𝑢 𝑧 = 

(
𝑥 3 − 𝑦 3 

)
− 3 ( 𝑥 − 𝑦 ) 𝑧 2 

. (20)

hich satisfy all equilibrium equations. The Von Misses stress is ob-
erved to study the accuracy and convergence. 

The Analytical displacement field problem on a cube is solved by
he BFM_TS1, the BFM_QS1, the DiBFM_TS1 and the DiBFM_QS1 with
ifferent number of source nodes ( NS ). The number of sample points in
otal M is 180, and 60 sample points for each the diagonal surface shown
111 
n Fig. 13 (b). The relative errors of Von Misses stress on total sampling
oints, and the CPU time spent in constructing and solving the system
quations are listed in Tables 2 and 3 . For a more intuitive compari-
on between these two methods, the relative errors of Von Misses stress
re plotted in Fig. 14 . Combined with the exact solution, the Von Misses
tress along a line AB is shown in Fig. 15 . These numerical results are ob-
ained by using 600 source nodes. From Figs. 14 and 15 , it clearly shows
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Table 3 

Numerical results obtained by the BFM_QS1 and DiBFM_QS1. 

NS BFM_QS1 DiBFM_QS1 

error Time ( s ) error Time ( s ) 

96 8.31E-02 3 3.65E-04 5 

150 7.12E-02 3 1.96E-04 6 

600 5.03E-02 11 4.76E-05 38 

1176 4.50E-02 27 3.86E-05 125 

2400 4.17E-02 126 3.63E-05 452 
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Fig. 21. Comparison of computational efficiency for Von Misses stress. 
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s  
hat the DiBFM can obtain more accurate results than the BFM with the
ame number of source nodes. The CPU time spent in constructing and
olving the system equations is illustrated in Fig. 16 . This figure shows
hat for the same CPU time, the DiBFM can achieve a higher accuracy
han the BFM. The results in Figs. 14 –16 indicate that the DiBFM has
uch higher accuracy, convergence rates and computational efficiency

han the BFM. 

.1.1. A displacement field problem on a trimmed sphere 

The second example aims to further verify the accuracy and effi-
iency of the DiBFM, and show the potential advantages that the DiBFM
educes the requirement of shape regularity for elements. 

The second example is a quadratic displacement field problem on a
rimmed sphere (see Fig. 17 (a)). The radius of the sphere centered at
he point C1 is 5, and the sphere is trimmed by a smaller sphere with
 radius of 4 and a cylinder with the diameter of 2. The center of the
maller sphere is at the point C2. The size distributions are shown in
he axially-symmetrical sectional view of the model (see Fig. 17 (b)).
he Young’s modulus E = 1 and Poisson’s ratio v = 0.25. The analytical
isplacement field imposed on all faces is: 

 

 

 

 

 

𝑢 𝑥 = −2 𝑥 2 + 3 𝑦 2 +3 𝑧 2 
𝑢 𝑦 = 3 𝑥 2 − 2 𝑦 2 + 3 𝑧 2 
𝑢 𝑧 = 3 𝑥 2 + 3 𝑦 2 − 2 𝑧 2 

. (21)

hich satisfy all equilibrium equations. 
In order to compare the accuracy and the efficiency of the BFM

nd DiBFM with elements in “bad ” shape, this problem is solved by
he BFM_TS1 and the DiBFM_TS1 with totally 458, 1096, 1758, 2756
Fig. 22. Three-

112 
nd 4024 source nodes, respectively. The relative errors of Von Misses
tress are evaluated over 200 sample points uniformly distributed along
 curve AB (see Fig. 17 (c)). The relative errors of Von Misses stress with
ifferent number of source nodes are shown in Fig. 19 . With 1096 source
odes, the Von Misses stress along the curve AB is plotted in Fig. 20 . The
iscretized results with different number of grids both own some irreg-
lar grids (see Fig. 18 (b)). And the discretized result with 1096 grids is
resented in Fig. 18 . As can be seen from Figs. 18 –20 , even for the very
rregular elements, high accuracy can be achieved by the DiBFM. And
ig. 21 illustrates the DiBFM requires less CPU time than the BFM for
he same level of accuracy. 

.2. Three-way pipe with a rounded corner 

In this example, a three-way pipe with a rounded corner is analyzed
o show the capability of DiBFM to solve the problem of the structure as
hown in Fig. 22 (a). The dimensions of the horizontal hollow cylinder
way pipe. 
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Fig. 23. The displacement results of the two methods. 

Fig. 24. The Von Misses stress at the rounded corner in the two methods. 
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(

re selected as R = 10, r = 6 and h = 15 and the dimensions of the vertical
ollow cylinder are R = 6, r = 4 and h = 11. In addition, the rounded cor-
er between the two hollow cylinders is r = 0.4. In this model, Young’s
odules E = 200,000 and Poisson’s ratio 𝜈 = 0.25. The boundary condi-

ions are specified as: end of the horizontal hollow cylinder is clamped,
he top face of the vertical hollow cylinder is subjected to a uniform
raction p = 10. The number of source nodes in total is 7527 with ele-
ent mesh shown in Fig. 22 (b). The FEM is considered as a reference

or comparisons with 1,453,636 nodes. The finite-element analyses are
erformed through the software ABAQUS, and 3D 4-node tetrahedron
lements are employed in the mesh process. It is worth mentioning that
he overall computation time consumed by FEM is significantly shorter
han that consumed by the DiBFM. 

We consider the Von Misses stress on the rounded corner. Since the
xed end is of a sharp corner, the Von Misses stress at this point is
ot convergent, i.e., when the mesh density increases, the Von Misses
tress value at the corner increases. Thus, the Von Misses stress on the
ounded corner, where the failure usually occurs, is chosen for com-
arison. The displacement magnitude and Von Misses stress with two
umerical methods are shown in Figs. 23 and 24 for comparison, re-
pectively. 

From Fig. 23 , it can be seen that the displacement magnitude by
iBFM are almost coincident with that by FEM. Fig. 24 demonstrates

he excellent agreement between these two methods with Von Misses
113 
tress around the rounded corner. Fig. 25 shows that the distribution
f Von Misses stress at the rounded corner is not smooth enough with
93,657 nodes and 928,384 nodes by FEM. Besides, even if 1,453,636
odes are used, the distribution at the rounded corner is less smooth than
hat obtained by DiBFM from Fig. 24 , which shows that higher accuracy
s achieved by DiBFM. In Fig. 24 , the less smooth Von Misses stress on
he cylinder surface is due to the use of a coarser mesh in DiBFM. In
hort, the higher accuracy of Von Misses stress distribution at rounded
orner in DiBFM illustrates that the DiBFM is more suitable for solving
he problem of the structure with small features. 

.3. Angle steel 

An angle steel model is analyzed in this example to show the ca-
ability of the DiBFM to solve the practical problems in engineering.
he geometric model and size are shown in Fig. 26 (a). In this model,
oung’s modules E = 20,000 and Poisson’s ratio 𝜈 = 0.3. The bottom of
he angle steel is fixed and the back of the angle steel is subjected to a
niform pressure p = 1.0. The number of source nodes is 6937 with ele-
ent mesh on the surface shown in Fig. 26 (b). In FEM, 1,519,450 nodes
ith quadratic tetrahedral elements are used based on the finite element

oftware ABAQUS. The displacement magnitude and Von Misses stress
re shown in Figs. 27 and 28 . The maximum displacement magnitude
U_max) and Von Misses stress (S_max) are presented in Table 4 . 
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Fig. 25. The Von Misses stress at the rounded corner with different numbers of nodes in FEM. 

Fig. 26. Angle steel. 

Fig. 27. The displacement results by the two methods. 
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Fig. 28. The Von Misses stress results by the two methods. 

Table 4 

Comparison of the maximum displacement magnitude and the maximum Von 

Misses stress. 

Result FEM DiBFM 𝑒𝑟𝑟 = | 𝑥 DiBFM − 𝑥 FEM 
𝑥 FEM 

| × 100% 

U_max 2.365 2.362 0.127% 

S_max 201.67 201.61 0.030% 
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From Figs. 27 and 28 , it is hard to see the difference between DiBFM
nd FEM. In addition, from Table 4 , the relative errors of the maxi-
um displacement magnitude and the maximum Von Misses stress are
.127% and 0.03%, respectively. These results demonstrate that the
iBFM can solve the practical problems in engineering with high ac-
uracy. 

. Conclusions 

The dual interpolation boundary face method (DiBFM) has been ex-
ended to 3D elasticity problems successfully in this paper which is
ombined with the dual interpolation method and the boundary face
ethod. The numerical results have demonstrated the high degrees of

ccuracy and convergence in 3D elasticity problems. In addition, the
umerical results show that the DiBFM is suitable for solving the prob-
em of structures with small features. This is a very significant behav-
or, since the maximum Von Misses stress usually occurs at the small
eatures. This behavior will provide more reasonable stress results in
umerical analysis. In the future work, the DiBFM will be extended to
nalyze the large-scale complex structures via combining with the fast
ultipole method [13] or adaptive cross approximation algorithm [25] ,

nd we will apply the DiBFM to analyze a “dirty ” geometry model dis-
retized by discontinuous grids. 
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